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Chapter 1

Petite K-types for Fj

G=Eg K=_S8P; K =

SPy
{+1}

e Fundamental weights of K: wj = Z{zl e j=1...4

Representations of K: j = ijl bjw; b; >0

Genuine K-types: “—I does not act trivially”

A petite K-type is either genuine of level < 3/2
or non-genuine of level < 3

o is petite if and only if it has level 0, %, 1, %, 2, 0r 3

o The level of 1 = (3;_; bjw;) is 3by + by + 3bs + 2bs .



4 CHAPTER 1. PETITE K-TYPES FOR Ej

Representations of M:

repr. of M || dimension W(? fine K-type

51 1 W (E6) 0

8 W (E6) wy
Sa7 271 W (Ds) Wy
536 36-1 | W(AsAy) 2un

Tensor products of representations of M:

X ds d27 936
08 01 + o7 + 036 2765 3605
Oo7 2763 2761 + 10827 + 12036 166027 + 15036

036 36 dg 16827 + 15034 3601 + 2027 + 20036




A complete list of petite K-types:

petite f(-type level M-decomposition
0 0 01
wy 1/2 0
2wy 1 36
W 1 b7
3w 3/2 1508
wy + Wy 3/2 200s
w3 3/2 60s
4w, 2 1501 + 5027 + 536
2wy + wo 2 10627 + 9036
wy + w3 2 5027 + 5636
2ws 2 20601 + 4627 + 5936
Wy 2 601 + 036
6w 3 2461 + 24927 + 29036

Ut
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A complete list of petite K-types (continued)

petite K-type level M-decomposition
4w + we 3 6001 + 70927 + 65636
3w + ws 3 6001 + 60927 + 56636
2w + 2wo 3 8161 + 71827 + 81636
2wy + wy 3 3001 + 15d27 + 20636
wy + wa + ws 3 6461 + 64927 + 64636
3wa 3 2461 + 40427 + 30036

Wy + wy 3 16027 + 10436
2ws 3 1591 + 10027 + 15036




The petite f(-types containing §;:

petite K-type | level || mult. of §; | representation of W (Fj)

4w, 2 15 15,

2w, 2 20 20,

wy 2 6

6w 3 24 24,

4w + wo 3 60 605
3w + ws 3 60 60,
2wy + 2wsy 3 81 81,
2wy + wy 3 30 30,
w1 + wo + w3 3 64 64,
3ws 3 24 24,

2ws 3 15 15,

The relevant W (Eg)-types are: 1,, 6, 154, 20,, 30,. We can match all of them!
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The petite (genuine) K-types containing dg:

petite K-type || mult. of ds | repr. of W (F;)

w1 1

3wy 15 15,

w1 + wo 20 20p

The relevant types for W(Eg) are: 1, 6,, 154, 20,, 30, .

We cannot match 30, . Indeed this W-type makes its first appearance in (not
petite) genuine K-types of level 5/2.



The petite f(-types containing Jo7:

petite K-type representation of W (Ds)
Wy (5/0)
2w + ws
wy + ws (4]1)
2wy (41/0)
2wy + wy (31]1)
6wy (2111]0) + (21]11)
4wy + wo (32]0) + (3|2) + (221]0) + (22[1) + (21]2) + (21]11)
3wy + ws (32(0) + (3]2) + (31]1) + (21]2) + (22[1)
2wy + 2ws (311]0) + (31|1) + (3]11) + (21]2) + (21]11)
wi+ws+ws || (4]1) + (41]0) + (32) + (31]1) + (3[11) + (21]2)
3w, (5/0) + (41]0) + (4]1) + (3]2) + (21]2)
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The petite K-types containing dy; (continued)

petite K-type | representation of W (D5)

Wy + 1wy (510) + (4[1) + (3[2)

2w (3]11)

The relevant types for W (Ds) are:
(5[0)  (41]0) (32]0) (4[1) (3[2).

We can match all of them!
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The petite f(-types containing Jsg:

petite K-type

representation of W (A5 x A;)

s
2w + we
2wy + wy 6 11451 x 2+ |42 x 11|+[33 x 2|
6w, 6 x2+42x24222x24+33 x 11+ 2211 x 11
4wy + wo 42 x 2+ 321 x 2+ 321 x 11+ 33 x 11 + 3111 x 2 + 2211 x 11
3wy + w3 42 x 11 +411 x2+33 x 2+ 321 x 2+ 321 x 11
Sy + 2w, 6x2+51x24+51x11+2-(42 x2)+411 x 11+

+33 x 11+ 321 x 2+ 321 x 114222 x 2

w1+w2+w3

91 X 2451 x 11442 x2+42x 114411 x 24411 x 11+ 321 x 2
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The petite f(-types containing Jsg:

petite K-type representation of W (A5 x A;)

3wo 411 x 2+411 x 11 +311 x 2
Wo + Wy 411 x 2
2ws 6x2+51lx11+42x2

The relevant types for W (As x A;) are:
6x2 6x 11,51 x2,51 x 11,42 x 2, 42 x 11, 33 x 2, 33 x 11.

We can match all of them!
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Conclusions

e If § = 4 is the trivial representation of M, then W9 = W(Fs). The
relevant types for W(Eg) are: 1,, 6,, 154, 20,, 30,. Our computations
show that

every relevant type for W(Eg) is contained in the representa-
tion of W(Es) on Hom ;(E,, V), for some u petite.

Remark: 1,, 6,, 15, and 20, appear in (spherical) petite f(—types of level
less than or equal to 2, while 30, appears only in petite K-types of level
3.

e If § = do7, then W{ = W(Dj5). Our computations show that

every relevant type for W(D5) is contained in the representation
of W(Ds) on Hom y; (E,, V%), for some y petite.

o If § = d36, then W = W (A5 x A;). Our computations show that

every relevant type for W(As; x A;) is contained in the repre-
sentation of W (A5 x A1) on Hom, (E,, V%s), for some p petite.

e If § = g is the genuine representation of M, then W = W (Es). Our
computations show that

not every relevant type for W(Eg) is contained in the represen-
tation of W(Es) on Hom g (E,, V%), for some yu petite.

Indeed, only 1,, 6,, 15, and 20, have this property. A comparison with
the spherical case shows that 1,, 6,, 15, and 20, are exactly the relevant
W (FEg)-types that appear in spherical petite K -types of level less than or
equal to 2.

The “missing” relevant W (Eg)-type, 30, , can only be found in non-petite
genuine K—types. For completeness, we include the table of W(FEjg)-
representations on the dg-isotypic of genuine K-types of level 5 /2.
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The (non-petite) genuine K-types of level 5/2:

K-type || mult. of dg repr. of W (Eg)
B, 99 15, + 24, + 60,
3wy + ws 216 154 + 60, + 60, + 81,

2wy + ws 154 + 60, + 64,
wy + 2wy 189 20, + 24, + 64, + 81,
wy + wy 36 6, +

wy + ws 99 15, + 20, + 64,




Chapter 2

Petite K-types for FE-

G =Er; K = SUs; K = 548
e Fundamental weights of K: {w;}j=1..7
e Representations of K: w= z;zl ajw; a; >0

e Genuine K-types: “—I does not act trivially”

A petite f(-type is either genuine of level < 3/2,
or not genuine of level < 3

w is petite if and only if it has level 0, %, 1, %, 2,0r 3

o

o The level of = (37

j=1 ajwj) is: %(al +Cl7) + (az +CL6) + %(ag +Cl5) +2ay4 .

15
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Representations of M:

repr. of M || dimension wp fine K-types
o1 1 W(Er) (0)
8 W (E7) wy
05 8 W(E7) wy
0og 28 -1 W (Es) Wa, We
036 36-1 W (A7) 2wy, 2wy
d63 63 -1 W(DgA1) wy + wy

Tensor products of representations of M:

X ds 03 das 036 063
08 d2g + 036 | 01 + dg3 286* 360" 6305
55 || 614065 | Oas + 06 2854 3664 636+
Sos 285+ 9855 | 286, + 12543 16563 27625 -+ 2883
036 360> 360s 16663 3601 + 20063 | 36028 + 35036
063 630s 630™ 27698 + 28036 | 36028 + 35d36 | 6301 + 62063




A complete list of petite K-types:

17

level || petite f(-type mult. mu}t. mult. mult. mult. mult*.
of &1 of dog of 36 of dg3 of dg of §
0 (0) 1 0 0 0 0 0
1/2 wq 0 0 0 0 1 0
1/2 wy 0 0 0 0 0 1
1 wWa 0 1 0 0 0 0
1 We 0 1 0 0 0 0
1 2wy 0 0 1 0 0 0
1 2wy 0 0 1 0 0 0
1 wi + wy 0 0 0 1 0 0
3/2 3wy 0 0 0 0 0 15
3/2 3wy 0 0 0 0 15 0
3/2 2wy + wy 0 0 0 0 35 0
3/2 w1 + 2wy 0 0 0 0 0 35
3/2 w3 0 0 0 0 0 7
3/2 Ws 0 0 0 0 7 0
3/2 wa + wy 0 0 0 0 27 0
3/2 wy + we 0 0 0 0 0 27
3/2 w1 + wa 0 0 0 0 0 21
3/2 We + Wy 0 0 0 0 21 0
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A complete list of petite K-types (continued)

level || petite I type mult. mult. mult. mult. mult. multi.
of &1 of dog of 36 of dg3 of dg of §
2 Wy 7 0 0 1 0 0
2 w1 + ws 0 6 7 0 0 0
2 w3 + wy 0 6 7 0 0 0
2 w1 + w3 0 0 0 6 0 0
2 ws + wy 0 0 0 6 0 0
2 wa + we 27 0 0 11 0 0
2 4wy 15 0 0 5 0 0
2 4wy 15 0 0 5 0 0
2 2wy 21 0 0 5 0 0
2 2weg 21 0 0 5 0 0
2 2wy + 2wy 35 0 0 19 0 0
2 w1 + wg + wy 0 20 20 0 0 0
2 w1 + We + wy 0 20 20 0 0 0
2 2wy + we 0 0 0 15 0 0
2 wa + 2wy 0 0 0 15 0 0
2 2w + wa 0 0 0 10 0 0
2 we + 2wy 0 0 0 10 0 0
2 w1 + 3wy 0 15 14 0 0 0
2 3wy + wy 0 15 14 0 0 0




A complete list of petite K-types (continued)

19

level || petite K-type mult. mult. mult. mult. mult. mult.
of &, of dog of 3¢ of dg3 of g of 6*
3 2ws 0 15 21 0 0 0
3 2wy 0 15 21 0 0 0
3 w3 + ws 21 0 0 37 0 0
3 3w + ws 0 75 70 0 0 0
3 ws + 3wy 0 75 70 0 0 0
3 3wy + ws 105 0 0 90 0 0
3 ws + 3wy 105 0 0 90 0 0
3 2wy + w3 + wry 189 0 0 173 0 0
3 wy + ws + 2wy 189 0 0 173 0 0
3 wi + w3 + 2wy 0 189 183 0 0 0
3 2wy + ws + wy 0 189 183 0 0 0
3 w1 + ws + We 105 0 0 115 0 0
3 wa + w3 + wy 105 0 0 115 0 0
3 2wy + wy 0 30 35 0 0 0
3 wy + 2wy 0 30 35 0 0 0
3 w1 + wa + ws 120 0 0 120 0 0
3 w3 + we + wy 120 0 0 120 0 0
3 w1 + wa + w3 0 84 84 0 0 0
3 ws + we + wy 0 84 84 0 0 0
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A complete list of petite K-types (continued)

level || petite K-type mult. mult. mult. mult. mult. mult.
of 6, of dog of 3¢ of dg3 of g of 6*
3 dwy + 2wy 0 165 175 0 0 0
3 2wy + 4wy 0 165 175 0 0 0
3 w1 + w3 + we 0 135 140 0 0 0
3 wa + ws + wy 0 135 140 0 0 0
3 3ws 0 45 35 0 0 0
3 3we 0 45 35 0 0 0
3 w1 + wq + wy 56 0 0 56 0 0
3 2wy + we 0 135 120 0 0 0
3 wa + 2wg 0 135 120 0 0 0
3 wa + Wy 0 27 21 0 0 0
3 wq + We 0 27 21 0 0 0
3 6w 0 24 29 0 0 0
3 6wy 0 24 29 0 0 0
3 2wy + 2wg 0 160 175 0 0 0
3 2wa + 2wy 0 160 175 0 0 0
3 2wy + 2ws 0 81 91 0 0 0
3 2we + 2wy 0 81 91 0 0 0
3 wi + 2w + wr 189 0 0 195 0 0
3 wy + 2w + wy 189 0 0 195 0 0




A complete list of petite K-types (continued)

21

Jovel petite - type mult. mult. mult. mult. mult. mult;.
of §; of dog of 36 of dg3 of dg of §
3 dwi + wy 84 0 0 94 0 0
3 w1 + dSwy 84 0 0 94 0 0
3 2wy + w2 + we 0 235 245 0 0 0
3 wa + we + 2wy 0 235 245 0 0 0
3 w1 + wa + we + wy 378 0 0 379 0 0
3 3wy + 3wy 189 0 0 205 0 0
3 4wy + wo 0 75 70 0 0 0
3 we + 4wy 0 75 70 0 0 0
3 4wy + we 0 135 126 0 0 0
3 wy + 4wy 0 135 126 0 0 0
3 3wy + wa + wr 216 0 0 216 0 0
3 w1 + we + 3wy 216 0 0 216 0 0
3 w1 + wa + 3wy 280 0 0 280 0 0
3 3wy + we + wr 280 0 0 280 0 0
3 2wy + wa + 2wy 0 324 315 0 0 0
3 2wy 4+ we + 2wy 0 324 315 0 0 0
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Spherical petite f(-types:

petite K-type r:)l;l(lstl representation of W (E;)
(0) 1
Wy 7 Tar
wa + we 27 27,
4wy 15 154
4wy 15 15,
2w, 21 21y |
2w 21 21y ]
2wy + 2wy 35 35
ws + ws 21 21,
3wy + ws 105 105, |
wy + 3wy 105 105 |
2wy + w3 + wr 189 189y,
wy + ws + 2wy 189 189y,
w1 + ws + weg 105 105,/
wo + w3 + wr 105 105,/
w1 + w2 + ws 120 120,
w3 + we + wy 120 120,
wy + wy + wy 56 564/




Spherical petite K-types (continued)

petite K-type 1(1)1;1(1;1 representation of W (Ey;)
w1 + 2ws + wr 189 189,/
w1 + 2wg + wr 189 189,
dwy + wy 84 84,
w1 + dwr 84 84,
w1 + wa + we + wr 378 210, + 168,
3wy + 3wy 189 844 + 105,
3wy + we + wr 216 216,/
wy + wg + 3wy 216 216,/
wy 4+ wa + 3wy 280 280,
3wi + wg + wr 280 280y

The relevant types for W(E;) are: 14, 747, 274, 5647, 21, 35, 105y, .

23
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Petite IN(—types containing ds:

mult.
of 58

w1 1

petite K-type representation of W (FE;)

3wy 15 154
2wy + wy 35 35
ws 7 Tar
wy + wr 27 27,

i
=
<

we + wy 21

The relevant types for W(E7) are: 1,4, T4, 274, 5647, 21, 355, 105 .

We cannot match 56, and 105. Indeedl these representations of W (E7) make
their first appearance in (non-genuine) K-types of level 5/2.1

The situation for 43 is an analogous, just take the dual K-types.

IWe have: wi 4wy — 7o + 5647, and w3 + 2wy — 120, + 105 .



Petite f(-types containing Jog:

petite K-type mult. representation of W (FEg)
of 528
w1 + wo + Wy 20 QOp
ws + wy 6
Jwy + wr 15 154
2w + wy 30 30,

The relevant types for W(Eg) are: 1,, 6,, 20,, 30,, 15, .

We can match all of them!
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Petite f(—types containing Jsg:

petite K-type mult. representation of W (A7)
of 5?6
w1 + wo + wy 20 (62)
ws + wy 7 (71)
3wy + wr 14 (44)
2w1 —+ wy 35 (53) + (71)

The relevant types for W (A7) are: (8), (71), (62), (53), (44).

We can match all of them!
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Petite f(-types containing dg3:

2101 + w3 + wr

petite K-type :)r;uél; representation of W (Dg x Aj)
w1 + w3 6
2wy + ws 10
we + 2wy 15
2wn 5 (51/0) x 11
ws + wg 11 |(5]1) x 11]+[ (51]0) x 2]
2wy + 2wy 19 (313)" x 11|+ (42]0) x 2
dw, 5 (33/0) x 11
3wy + ws 90 |[(330) x 2|+ (32/1) x 11+ (31[2) x 2 +| (3[3)” x 11
173 [(4200) x 11|+ ] 33)* x 2| +[(4f2) x 11|+ ...
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CHAPTER 2. PETITE K-TYPES FOR E;

The relevant types for W (Dg x A;) are:

We can match all of them!

(5110) x 2 (42[0) x 2 (33]0) x 2
(4)2) x 2 (3B]3)T x2  (3[3)” x2
(510) x 11 (42[0) x 11 (33]0) x 11

(42) x 11 (3]3)T x 11 (3|3)~ x 11.
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Conclusions

e If § = &, is the trivial representation of M, then W = W (E;). The
relevant types for W(Ey) are: 14, 74/, 274, 5647, 214, 35p, and 105, . Our
computations show that

every relevant type for W(E7) is contained in the representa-
tion of W(E;) on Hom (E,, V%), for some p petite.

Remark: 1,, 74, 27,4, 21 and 35, appear in (spherical) petite K-types
of level less than or equal to 2, while 56, and 105, appear only in petite
K-types of level 3.

If § = dag, then W) = W (Es). Our computations show that

every relevant type for W(Eg) is contained in the representa-
tion of W(Es) on Hom (E,, V%), for some p petite.

If 6 = 836, then W = W (A7). Our computations show that

every relevant type for W (A7) is contained in the representa-
tion of W (A7) on Hom;(E,, V), for some u petite.

If § = dg3, then W(g =W (Dg x Ay). Our computations show that

every relevant type for W(Dg x A;) is contained in the repre-
sentation of W (Dg x A;) on Hom ;(E,, V%), for some u petite.

If § = 03 (or § = &%) is the genuine representation of M, then W{ =
W (E7). Our computations show that

not every relevant type for W(E7) is contained in the represen-
tation of W(E7) on Hom g (E,, V%) (or Homy(E,, V%)), for some
u petite.

Indeed, only 1,, 74/, 27,4, 21y and 35, have this property. A comparison
with the spherical case shows that 1,, 7./, 274, 21, and 35; are exactly
the relevant W (Er7)-types that appear in spherical petite K-types of level
less than or equal to 2.

The “missing” relevant W (E7)-types, 56, and 105, , can only be found in
non-petite genuine K -types.

For completeness, we include the table of the representations of W (E7)
on the dg-isotypic of genuine K-types of level 5/2.
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of];((;\t:fc};lp;/Q r(r)lfl.l(l;; representation of W (E7)
wy 4 wy 63 + T
Wy + 2ws 210 21y + 189,
2w1 + ws 189 189y,
wo + w3 126 21y + 1054
w1 + wa + we 525 274 4 120, + 168, + 210,
3wy + wo 231 15, + 216,/
wi +ws + 2wy || 693 35, + 168, + 210, + 280,
wy +we + 2wy || 594 189y + 189, + 216,
wy + 2wg 315 21y + 1054 + 189,
w1 + ws + wy 350 + 1054 + 189
w3 + we 168 21, + 27, + 120,
w3 + 2wz 225 + 120,
3wy + we 385 + 280,
5w, 99 154/ + 844/
3wy + 2wy 504 35y, + 844 + 105, + 280,
wy + 4wy 315 154/ + 844 + 2164/




Chapter 3

Petite K-types for Fjg

G = Eg; K = Spin(16); K = S50
e Fundamental weights of K: {w;}j=1.3
. - 8
e Representations of K: = zjzl ajw; a; >0

e Genuine K-types: “w does not act trivially”

A petite f(-type is either genuine of level < 3/2
or not genuine of level < 3

o The level of u = (325

=1 ajw;y) is:
1
§(a1 + 2a5 + 3a3 + 4a4 + bag + 6ag + 3ar + 4ag)

1 is petite if and only if it has level 0, %, 1, %, 2, 0or 3

<

31
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Representations of M:

repr. of M || dimension W(? fine K-type
01 1 W (Es) 0
516 16 W(Es) w1
(5120 120-1 W(E7 X Al) wao
5135 135-1 W(Dg) 2’[1}1

Tensor products of representations of M:

(024 016 0120 0135

d16 1 + 0120 + 0135 120016 135016
0120 120614 12061 + 568120 + 560135 636120 + 640135
0135 13516 630120 + 640135 13581 + 728120 + 700135




non-genuine petite K-type || level J\Zf-decomposition
0 0 01

wWa 1 9120

2w, 1 0135

2ws 2 8461 + 219120 + 204135
wy + ws 2 276120 + 280135

Wy 2 3561 + 7d120 + 7135
2w + wo 2 358120 + 350135

4w, 2 5001 + 159120 + 146135

3ws 3 52561 + 5250120 + 4900135

w1 + wy + ws 3 134461 + 13446120 + 13446135

Wy + Wy 3 56781 4+ 567120 + 5399135
2wq + wy 3 70061 + 6809120 + 7004135

2ws 3 30081 + 3360120 + 3649135
wi + ws 3 21007 + 2310120 + 2380135

33
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non-genuine petite K-type || level J\Zf-decomposition
3w + ws 3 105001 4 10085120 + 9878135
We 3 2801 4 359120 + 28135
2wy + 2we 3 97261 + 10006120 + 10366135
4wy + we 3 70061 + 7149120 + 7000135
6w 3 16891 + 1896120 + 2046135
wg 2 801 + d120
2wy + wg 3 560190 + 646135
wy + wr 2 Td120 + 80135
wo + ws 3 11287 4 566120 + 486135
w1 + wa + wy 3 56001 + 5530120 + 5528135
w3 + wr 3 16001 + 2168120 + 2249135
3wy + wy 3 40001 + 3446190 + 3360135
2wy 3 210120 + 290135




genuine petite K-type || level inf—decomposition
wy 1/2 016
wy 3/2 816
ws 3/2 35016
3w, 3/2 50016
w1 + wo 3/2 84616

We have listed all the petite K-types.
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The petite f(-types containing §;:

spherical petite K-type || mult. of §; | representation of W (Eg)

0 1

2w, 84 84,
wy 35

A 50 50,
3w, 525 525,
w1 + wy 4 ws 1344 1344,
wy + wy 567 567,
Qwy + wy 700 700,
2ws 300 300,
wy + ws 210 210,
3wy + ws 1050 1050,

We 28 28¢




The petite K-types containing J; (continued)

spherical petite K-type

mult. of §;

representation of W (Ej)

37

2wy + 2wy 972 972,
4wy + wo 700 7004
6w 168 168,

wg 8

wa + ws 112 112,
wy + wa + wy 560 560,
ws + wy 160 160,
3wy + wy 400 400,

The relevant types for W (Ejg) are:

1., 8, 355, 50,4, 84,, 112,, 400, 300,, 210, .

We can match all of them!
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The (genuine) petiteK-types containing ;¢:

petite K-type | mult. of é,6 | repr. of W(Es)
w 1
wr 8
wy 35
3w, 50
wy + wy 84 84,

The relevant types for W (FEjg) are:
1z, 82, 354, 50, 84,, 112, 400, 300,, 210,

We cannot match 112, 400, 300,, 210, . Indeed, these representations make
their first appearance in (non-petite) K-types of level 5/2:

2wi + w7z — 400, + 560,

wyg +ws — 300, + 84, 4 567, + 1344,
wy +wg — 8, +112,

ws — 210, + 28, + 35, .

Remark In the p-adic case, if a spherical principal series X p(triv. ® v) is not
unitary, then there is at least one relevant W-type 7 such that the intertwining
operator on 7 is not unitary.

When 7 is equal to 1., 8., 35,, 50, or 84,, we can conclude that the real genuine
principal series Xp(d16 ® v) is not unitary.

We do not get the same conclusion if the unitarity of Xp(triv. ® v) is ruled out
by 400, 300, or 210,, indeed the real series X p (616 @) could still be unitary.*

1This case can never happen if Xp (triv. ® v) is irreducible. Indeed the unitarity of a
generic principal series can be detected using only 15, 8. and 35,.
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The petite f(-types containing §129:

petite K-type

mult. of 5120

representation of W (E7 x A;)

2w2 21 21b’ x 11
i |
4w 15 15, x 11
3 595 1, X 2421y x 11427, X 24 35, x 2+
2 189, x 11 4 84, X 2+ 168, x 2
35p X 2427, x 24105, x 11 + 4168, x 2+
w1 + wo + ws 1344 +280p X 24 21 x 11 + 189y x 11+
189, x 11 + 210, x 24+ 120, x 2
2-(27a ><2)—‘r35b X2+1, Xx2456, x 11+
Wo + Wy 567 +120, X 2+ 168, X 2+ 74 X 11+
421 x 11 4+ 105, x 11
2wy + wy 680 56, X 11 41105, x 2|+ 120, x 2+

4189y x 11 + 210, X 2
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The petite K-types containing 15 (continued)

petite K-type

mult. of (5120

representation of W (E; x A;)

27, X 2+ Tor X 11+[564 x 11+

231
wy o+ Ws 4120, x 2+ 21, x 2
15, x 11 + 35, X 24+ 105, x 2 4 280 x 2+
Swy + ws 1008 4189 x 11+ 216, x 11 + 168, x 2
we 35 7o x 1141, X 2427, x 2
105, % 2+ 189, x 11+ 210, x 2+
2wy + 2w, 1000 4216, x 11 + 280, x 2
35, x 2+ 15, x 11 + 84, x 11+
dwn + ws 714 4216, x 11 + 280, x 2 + 84, x 2
6w, 189 84, x 11+ 105, x 2
w1 + wy 7 T X 2
wo + wg 56 21y x 2]+ 274 x 11 +[7w x 2]+ 1, x 11
35y x 11|+ 56, x 2+ 189, x 2+
w1 + wo + wy 553 b b

+21y X 24|27, x 11 |4+ 105, x 2
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The petite K-types containing 015 (continued)

petite K-type || mult. of d;29 | representation of W(E7 x A;)

274 X 11 + 564 x 2+ 105, x 24

ws + wr 216 T %2421, x 11

3wy + wy 344 1547 X 2+ 35, x 11 4-{ 105, x 11 |+ 189y x 2

2wy 21 21, x 2

2ws 336 105, x 11+ 21, x 2 + 210, x 2

The relevant types for W(E; x A;) are:

laX2 Tax2 2Tax2 560 x2 21y x2 35, x2 105, x 2
1y x 11 7w x 11 274 x 11 56, x 11 21, x 11 35, x 11 105, x 11.

We can match all of them!
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The petite f(-types containing Jy35:

petite K-type || mult. of 035 | representation of W (Dsg)

2w, 1 (0[8)

2uws 20 (0162

I

w1 + w3 28 (2|6)

wy 7 (0|71

—~
~—
~—

2wy + ws 35 Al4)"
Ay 14 (0[44)
3uws 490 (31)31)~ + (11[51) + (0[511)
wi Wy W 1344 (+2(|2|)4;)(3L|((5§)1|§1()%|4I(1ﬁ\%212)@ (+2|§)11)‘4) b
ws + wy 539 (31]4) + (2|51) + (0]611) + (11]51) + (11]6)
2w, + wy 700 (0[53) | +| (4]4)* |+ (0]71) + (2/6) + (2]51) + (31]4) + (2]42)
2w 364 (2/6) + (0[62) -+ (0[8) + (44)~ + (22]4) + (2/51)

wy 4 ws 238 (2[51) + (4]4)* + (11]6) + (0|71) + (2/6)
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The petite K-types containing 035 (continued)

petite K-type

mult. of (5135

representation of W (Dg)

3wy + wy 987 (0]431) + (31]4) + (2/42) + (31]31)~ + (11|33)
we 28 (11/6)
2wy + 2wy 1036 f(lg)2|;2()()—|62)(22£)|8) j(L2\242() ! )(0|422:)))1|3(10)|:111L)
4wy + wy 700 (0]44) + (4]4)~ + (22/22)~ + (11|33) + (31]31)~ + (0[3311)
6w, 204 (22]22) + (0[2222) + (0]44) + (4]4)~ + (0]8)
2wy + wg 64 (1]7) +1(3]5)
wy + wr 8 a7
wo + ws 48 (1]61)
w1 + ws + wr 552 (3]41) + (3]5) + (21]5) + (1]52) + (1]61)
ws + wy 224 (3]5) + (21]5) + (1]61) + (1]7)
3wy + wy 336 (1143) + (3]41)
2wy 29 (2/6) + (0[8)
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The relevant types for W (Dg) are:

(0[8)  (0[71)  (0[62) (0]53) ~ (0]44)
(1[7) (2l6) (35) (44" (4]4)”

We can match all of them!
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Conclusions

e If § = §; is the trivial representation of M, then W9 = W (Eg). The rel-
evant types for W (FEs) are: 1,, 8,, 35;, 50,, 84,, 112, 400, 300, 210, .
Our computations show that

every relevant type for W(Eg) is contained in the representa-
tion of W(Es) on Hom ;(E,, V), for some u petite.

Remark: 14, 8., 35;, 50, and 84, appear in (spherical) petite f(—types
of level less than or equal to 2, while 112, 400,, 300, and 210, appear
only in petite K-types of level 3.

e If 6 = d120, then Wé) =W (E7 x A1). Our computations show that

every relevant type for W(E; x A;) is contained in the repre-
sentation of W (E7 x A;) on Hom ;(E,, V%), for some u petite.

o If § = &135, then WJ = W(Dsg). Our computations show that

every relevant type for W(Dsg) is contained in the representa-
tion of W(Dg) on Hom ;(E,,V?3s), for some yu petite.

e If § = {14 is the genuine representation of M, then W(? = W(Es). Our
computations show that

not every relevant type for W(Esg) is contained in the represen-
tation of W (Es) on Hom (E,, V), for some u petite.

Indeed, only 1., 8., 35;, 50, and 84, have this property. A comparison
with the spherical case shows that 1,, 8., 35,, 50, and 84, are exactly
the relevant W (Es)-types that appear in spherical petite K-types of level
less than or equal to 2.

The “missing” relevant W (Esg)-types, 112,, 400., 300, and 210, can only
be found in non-petite genuine K-types.

For completeness, we include the table of the representations of W (£Es)
on the dy¢-isotypic of genuine K-types of level 5/2.
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The (non-petite) genuine K-types of level 5/2:

K-type || mult. of 634 repr. of W (Eyg)
ws 273 + 28, + 35,

wy + 2w, 2925 84, + 525, + 972, + 1344,
2wy + ws 3094 700, + 1050, + 1344,
wy + ws 2295 84, + + 567, + 1344,
wy + wy 1512 35, + + 567, 4 700,
3wy + wy 2772 50, + 700,, + 972, + 1050,

5w, 918 50, + 168, + 700,
2wy + wy 960 + 560,
wy + ws 120 8. +
wy + wy 832 + 160, + 560,




Chapter 4

Petite K-types for F)

° G:F4;R=SP1XSP(3);K:%SI§D(3)
e Representations of K:! y = Zj:l ajej ar = 0;az 2 a3 > a4 20

e Genuine K -types: “—I does not act trivially”

A petite f(-type is either genuine of level < 3/2
or not genuine of level < 3

o If (Z?Zl a;) is odd, then p is genuine, and you require:
a1 +as+az+as <5 and as+az <2
o If (Z?Zl a;) is even, then p is not genuine, and you require:

a1+ as+az3+as <6 and as—+asz<3.

I Classification by highest weight.
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Representations of M:

repr.of M | dimension WP fine K-type
do 1 W (Fy) (0]0,0,0)
2 W (Fy) (1]0,0,0)
03 3-1 W(Cy) (2/0,0,0)
3.2 W(By) (0[1,0,0)
012 121 W(B3A;) (1]1,0,0)

Tensor products of representationsof M:

X 09 03 06 d12

D) do + I3 382 012 454

3 382 380 + 203 306 3812

56 512 306 300 + 303 + 2012 1262 + 856

012 46¢ 3612 1292 + 8d¢ 1209 + 1203 + 8912




A complete list of petite K-types:

petite K-type || M-decomposition
(010,0,0) do
(110,0,0) P
(2|0,0,0) 3
(0]1,0,0) 06
(1]1,0,0) d12
(310,0,0) 209
(2|1,0,0) 366
(4/0,0,0) 200 + 03
(3|11,0,0) 2012
(012,0,0) 303 + 012
(0|1,1,0) 200 + 612
(1]2,0,0) 992 + 406
(1]1,1,0) 209 + 46
(2|12,0,0) 960 + 693 + 3012
(2]1,1,0) 203 + 3012
(4]1,0,0) 5d6
(5/1,0,0) 3612
(3]12,0,0) 1862 + 866
(3|11,1,0) 402 + 806
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A complete list of petite K-types (continued)

petite K-type || M-decomposition
(4]2,0,0) 960 + 1283 + 5912
(4]1,1,0) 460 + 203 + 5d12
(113,0,0) 460 + 403 + 8912
(1)2,1,0) 860 + 8d3 + 8d12
(0]1,1,1) 463 + 06
(5/0,0,0) 362
(6/0,0,0) 0o + 203
(1]1,1,1) 460 + 493 + 12
(2]1,1,1) 1262 + 366
(3]1,1,1) 800 + 863 + 2612
(3]12,1,0) 1600 + 1663 + 16912
(2]12,1,1) 900 + 793 + 15612
(012,1,1) 0o + 303 + 5612
(313,0,0) 800 + 893 + 16612




The petite f(-types containing §y:

petite K-type || mult. of §, | representation of W (F})
(0]0,0,0) 1
(4/0,0,0) 2
(0]1,1,0) 2 2
(2]2,0,0) 9
(4]1,1,0) 4 4y
(1]3,0,0) 4 4s
(1)2,1,0) 8
(6]0,0,0) 1 13
(1]1,1,1) 4
(3]1,1,1) 8 83
(32,1,0) 16 16
(212,1,1) 9 9,
(0/2,1,1) 1 1o
(3]3,0,0) 8 84
(42,0,0) 9 94

The relevant types for W (Fy) are: 11, 23, 49, 81, 91 .

We can match all of them!
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The petite f(-types containing §:

petite K-type || mult. of §, | representation of W (F})

(1]0,0,0) 1

(3/0,0,0) 2

(1/2,0,0) 9

(1/1,1,0) 2 2

(3]2,0,0) 18 91 + 93

(3/1,1,0) 4 4

(0[1,1,1) 4

(5/0,0,0) 3 13+ 23

(21,1,1) 12 83 + 4o

The relevant types for W (Fy) are: 11, 23, 49, 81, 91 .

We cannot match 8;. Indeed, this W-representation makes its first appearance
in the non-genuine K-type (0[2,1,0), of level 5/2.2

2(0|2,1,0) contains exactly 8 copies of d2, and W acts on the 2 isotypic by 8.



The petite f(-types containing dg:

petite K-type | mult. of §; | representation of W(By)

(0[1,0,0) 1 (4]0)
(21,0,0) 3
(1/2,0,0) 4
(1]1,1,0) 4 (3]1)
(4/1,0,0) 5 [(2200) |+ (211]0)
(3[2,0,0) 8 (1]21)
(3/1,1,0) 8 (21]1)
(0[1,1,1) 1 (0[4)
(2/1,1,1) 3 (0/31)

The relevant types for W (By) are: (40), (31]0), (22]0), (3[1), (2|2), (1|3), (0]4).

We cannot match (2|2). Indeed, this representation of W (Bs) makes its first
appearance in the non-genuine K-types (0/3,0,0) and (0|2, 1,0), of level 5/2.3

3We have: (0/3,0,0) — (22]|0) + (2|2), and (0]2,1,0) — (4]|0) + (0[4) + (2]2).
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The petite f(-types containing §3:

petite K-type || mult. of d; | representation of W (Cy)

(210,0,0) 1 (4]0)
(4/0,0,0) 1
(02, 0,0) 3
(2/2,0,0) 6
(2]1,1,0) 2 (22/0)
(1]1,1,1) 4 3[1)
(3]1,1,1) 8 311 +[ (1]3)

The relevant types for W(Cy) are: (4|0), (31]0), (22]0), (3]1), (2]2), (1]3), (0[4).

We can match all of them!



ot
Ut

The petite f(-types containing J;o:

petite K-type | mult. of d1, representation of W (Bs x A;)

(1]1,0,0) 1

(3]1,0,0) 2

(0[2,0,0) 1 (03) x 2

(0[1,1,0) 1 (3[0) x 11

(2]2,0,0) 3 (12) x 11

(2/1,1,0) 3 (2/1) x 2

(41,1,0) 5 (21]0) x 11|+ (11]1) x 2

(12,1,0) 8 (3\0)><2+(0|3)><11+’(1\2)><2‘+’(2|1)><11‘
(1]1,1,1) 1 (03) x 11

The relevant types for W(Bs x A;) are:
(3]0) x2 (2110) x2 (2]1)x2 (112)x2 (0|3) x 2
(30) x 11 (21)0) x 11 (2]1) x 11 (1]2) x 11 (03) x 11.

We can match all of them!
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Conclusions

If § = &y is the trivial representation of M, then W0 = W (Fy).
The relevant types for W(Fy) are: 11, 23, 42, 81 and 9;. Our computations
show that

every relevant type for W(Fj) is contained in the representa-
tion of W(F,) on Hom g (E,, V%), for some u petite.

If § = &5, then WQ = W(C,). Our computations show that

every relevant type for W(C,) is contained in the representa-
tion of W(Cy4) on Hom ;(E,, V%), for some p petite.

If 6 = 19, then W(? = W (B3 x A1). Our computations show that

every relevant type for W(Bs x A;) is contained in the repre-
sentation of W (B3 x A1) on Hom, (E,,V°2), for some u petite.

If § is the genuine representation &2, then W9 = W(Fy). Our computa-
tions show that

not every relevant type for W(Fj) is contained in the represen-
tation of W(F,) on Hom(E,,V°2), for some u petite.

Indeed, only 13, 23, 45 and 9; have this property. The “missing” rele-
vant W (Fy)-type, 81, can only be found in non-petite genuine K-types.

For completeness, we include the table of the representations of W (Fy)
on the do-isotypic of genuine K-types of level 5/2.

If § is the genuine representation dg, then W = W (By4). Our computa-
tions show that

not every relevant type for W(B,) is contained in the represen-
tation of W(B,) on Hom (E,, V), for some u petite.

The “missing” relevant W (By)-type, (2|2), can only be found in non-
petite genuine K-types.

For completeness, we include the table of the representations of W(By)
on the dg-isotypic of genuine K-types of level 5/2.



The (non-petite) genuine K-types of level 5/2:

K-type mult. representation mult. representation

of level 5/2 of 62 of W(Fy) of Jg of W(By)
(013,0,0) 4 43 8 (22]0) +| (212)
(213,0,0) 12 43+ 84 24| (31]0) + (211]0) +| (212) |+ (2[11) + (11]2)
(02,1,0) 8 8 (4]0) +| (2]2) | + (0]4)
(2[2,1,0) 24 +16 24 (31]0) 4| (2]2) |+ (2]11) + (11]2) + (0]31)
(112,1,1) 10 12 + 99 20 2-(3|1) + (21]1) + (13)




