Notes on Doubly Extended Groups

Jeffrey Adams
March 8, 2009

These are notes on the extended group formalism, used in computing
Hermitian representations. Also see Notes on the Hermitian Dual [2].

1 Setup

The basic setup is a complex group G, with a fixed pinning Hy, By, { X, }.
Recall an involution 6 of G is distinguished if it fixes the pinning; 6 is the
Cartan involution of the “maximally compact” form in its inner class.

The usual starting point is a distinguished involution 7, and G = (G, )
where 62 =1 and dgd ! = 7(g).

Definition 1 Fix two commuting, distinguished involutions T, . The doubly
extended group is G = (G, 6, €) where 6> = €2 = 1,8¢ = €, and

(2) 690t =7(g9), ege = plg)
Also let
(3) G = (G, 0), G'=(G.e).

We think of 7 as given an inner class of real forms of G; G' = (G, §) is
the the usual extended group. By a strong real form for G we mean with
respect to G, i.e. in the inner class of 7. The involution y is secondary.

An important special case is y = 7, which governs Hermitian representa-
tions of strong real forms G (in the inner class of 7). Often on the dual side
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Define the spaces X and X for GT. That is

(4) X = {¢€ € Normgr\¢(Ho) | €% € Z(G)}
and
(5) X = X/H,

(the quotient of X by the conjugation action of Hy). Write p : X — X for
the projection map. B B

Recall we fix a set {&|i € Z} C X so that every element of X is G-
conjugate to precisely one &. For i € 7 we let 0; = int(§;) and K; =
Centg (&) = G%. Then

(6) X — [ &\ G/Bo.

i€
We make repeated use of the form of this bijection.

Lemma 7 Suppose x € X. Choose £ € X mapping to x, andi € I,g € G so
that g&;g~' = £. Then the image of x under the bijection (6) is the K;-orbit

of 7' Byg.

Note that the choices of £ and g do not affect i or the K;-orbit ¢~ Byg.
These choices amount to replacing g by hgk with h € Hy and k£ € K;, and
note that (hgk) ™' Bo(hgk) = k=1 (g7 Bog)k.

3 Action of i on representations

In the setting of Section 1 suppose # is an involution in the inner class of .
and (m,V) is a (g, K) module. Then we obtain a (g, u(XK)) module by twisting
by i as usual: 7(X)(v) = 7(4(X))(v) and 7(g) (v) = (11 (9))(v) (X €
9,9 € u(K)). B

In the atlas setting, suppose z € X and &, ¢’ € X are inverse images. Then
we canonically identify (g, K¢) and (g, K¢)-modules. If a (g, K¢)-module is
given by a (hg, Hy*)-module y, the corresponding (g, K¢ )-modules is also
given by Y.



Suppose x € X satisfies p(x) = x, and chooseo £ € X lying over x. This
allows us to define an action of 4 on (g, K¢)-modules. If we can choose p(&)
then pu(K¢) = K¢ and this action is obvious, but in general u(x) = = does
not imply we can choose £ such that p(§) = €. See Remark 33.

So fix x € X satisfying u(x) = x. We're interested in parametrizing pairs
((m,V),v) where (m,V) is an irreducible (g, K)-module such that (7#, V)
is isomorphic to (m, V), and ¢ : V — V intertwines 7* and w. Choose an
inverse image £ of x in X, and let K¢ = Cent(€) as usual.

Definition 8 Let K{ = Cent: (£).

Lemma 9 Fizé andlet K = K¢, KT = Kg. Suppose (7', V') is an irreducible
(g, KT)-module.

Suppose 1| (g i) is irreducible, and write this restriction as (w, V). Then
7i(e) : V — V intertwines (w,V) and (7#,V).

Suppose 7 is reducible. Then this restriction can be written (w1, Vi) @
(72, Vo), and 7' (€) : Vi — V4 is an intertwining operator (7', V1) ~ (m, Va).

So we consider irreducible (g, KT)-modules, with an emphasis on those
whose restriction to (g, K) is irreducible.

4 Automorphism of X and Z

Fix G''! as in Section 1.
Recall if £ € X then the automorphism 0, is defined. Furthermore if

r € X choose ¢ € X lying over x and define the automorphism 6, g, of Hy
by 0..1,(h) = 0¢(h) This is well defined, independent of the choice of £&. We

write HJ® for the fixed points (strictly speaking we should write Hgm’HO or
HY).

Now define GV, 7V, GV', Hy and XV as usual. In particular X*(Hy) =
X.(Ho) and X,(H)) = X*(Hp). Suppose ¢ is an automorphism of Hy, =
X.(Hp) ® C*. Then ¢' is the automorphism of X*(Hy) given by the pair-
ing X*(Hy) X X.(Hy) — Z, and this also defines an automorphism ¢' of
X.(HY), X*(HY) and HY.

Recall

(10) Z={(z,y) € X x XV |0, gv = -0, ;}



Recall the distinguished automorphism p of G induces an automorphism,
also denoted p, of the based root datum Dy(G) = (X*(H,), I, X.(Hy), IIV).

Definition 11 Let p' be the automorphism of Dy(GV) obtained from p by
reversing the order of the factors, as well as the corresponding automorphism

of GV.

Thus the action of u' on Hy is described above. Furthermore if « is a
simple root of Hy in G, then a" is a simple root of Hy in G¥, and pf(X,v) =
Xu(a)v-

Lemma 12 The automorphism p of G restricts to an automorphism of 2?,
and this factors to an automorphism (also denoted ) of X.

Proof. Since p normalizes H, it is obvious that it acts on X. If z € X choose
an inverse image & € X, and define p(x) = p(u(€)). If ¢ is another choice,
then ¢ = h&¢h™ for h € Hy, and p(¢') = p(h&h™) = p(h)p(&p(h™") = p(§).
0

We also apply this to u* to get an automorphism of X'V.
Proposition 13 For (z,y) € Z define p(x,y) = (u(x), u'(y)). This is an

automorphism of Z.

Proof. The only thing we need to check is the transpose relationship in (10),
which is immediate. ([l

5 Cayley Transforms and Cross Actions

Fix G'' as in Section 1.

We consider how the automorphism p of Z of Proposition 13 behaves
with respect to Cayley transforms and cross actions, and how to obtain new
p-fixed parameters from old ones.

Recall the Tits group is generated by {0, | € I1} (II is the simple roots)
and the elements of order 2 in H. Since p is distinguished it induces an
automorphism of the Tits group, and for all a € II, p(04) = op(a)-

Lemma 14 Fix v € Z.
1. For all o p(sa X ) = Su) X (7).
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2. If a is y-imaginary then (o) is u(y)-imaginary and p(c®(y)) = @ u(y)
(as sets).

3. If o is y-real then p(c) is pu(y)-real and p(cq (7)) = cu () (as sets).

This is routine.
Lemma 15 Suppose pu(y) =~ and p(a) = a.

1. If pla) = a then p(Sa X ) = Sq X 7.

/

2. If o is y-imaginary and v € c*(vy) then u(y') =+
3. If o is y-real and ~' € co(7y) then u(v') =+'.

Proof. Part (1) follows easily from the previous Lemma, as do (2) and (3)
if the Cayley transforms are single valued. B

Suppose « is y-real. Write v = (z,y) and choose an inverse image £ € X
of x. There is a dangerous bend here: it is not necessarily the case that
c®(x) is the image of {0,§, ma0,€} in X where o, is the Tits group element.
However we can choose & so that this holds. That is (cf. [4, Lemma 14.6])
for any & there exists g, such that 0,& is conjugate to £&. We are free to
vary & by conjugation by h € H, C G, (G, is locally isomorphic to SL(2)),
which amounts to varying o, ) by conjugation. Since o, acts on H, ~ C* by
2z — z~!, we can replace o, with the Tits element o,.

Now with this choice of £ we have v, (say) is the image of (6,§, 0,v&Y)
where ¢Y is any choice of inverse image of y (cf. [4, Lemma 14.2]), and
Y2 = (Maoal, 0av€”). Now it is clear that u(v;) =7; (¢ = 1,2). This proves
(3), and (2) is similar.

It is a little more work to get a new p-fixed parameter if p(a) # «. First
consider the case when «, () are orthogonal.

Lemma 16 Suppose u(y) =~. Let 3 = u(y) and suppose (3,a") = 0. Let

1. :U/(Sﬁsa('y)) = Sﬂsa(ry)'

/

2. Suppose « is imaginary and v € ?(c*(v)). Then u(y') =+

/

3. Suppose a is real and v € cg(ca(y)). Then u(y') =~'.



Again (1) is immediate, and (2) and (3) require the same type of argument
as in the previous Lemma.

Finally the case where @ # p(a), (u(a), ") # 0 is a little harder. This
only occurs for the middle two roots in type As,. 0

Conjecture 17 Suppose pu(y) = v, f = pla) # a and (B,a¥) # 0. Then
a, B are of the same type (complex, real or imaginary) with respect to .

1. Suppose a, 3 are complex and « (and therefore also [3) is of type C+
with respect to ~v. Then (B is non-compact imaginary type 2 with respect
to sq X 7y, and ezactly one of the two constituents of c®(s47Y) is fived by

I

2. Suppose «, 3 are complex and « (and therefore also ) is of type C'—
with respect to y. Then (8 is a real, non-parity, type 2 root with respect
to sq X 7, and exactly one of the two constituens of cg(say) is fived by

L.

sketch of proof. This holds for SL(3,R) and dually SU(2,1). The general
case should reduce to these.

empty: type

Lie type: A2 sc s

main: block

there is a unique real form: s1(3,R)

possible (weak) dual real forms are:

0: su(3)

1: su(2,1)

enter your choice: 1

Name an output file (return for stdout, 7 to abandon):

00(0,5): 0 0 [C+,C+] 2 1  (x,%) (*,%)

1(1,4): 1 0 [i2,Cc-1 1 0 (3,4) (x,x) 2,1
2(2,3): 1 0 [C-,i2] 0 2 (x,x) (3,5) 1,2
3(3,0): 2 1 [r2,r2] 4 5 (1,%) (2,%x) 1,2,1
4(3,1): 2 1 [r2,rn] 3 4 (1,%) (*,%x) 1,2,1
5(3,2): 2 1 [rn,r2] 5 3 (x,%x) (2,%) 1,2,1

block: dualblock
Name an output file (return for stdout, ? to abandon):



00(0,3): 0 O [i1,i1] 1 2  (4,%) (3,%)
1(1,3): 0 0 [i1l,ic] 0 1 (4,%) (*,%)
2(2,3): 0 0 [dic,i1] 2 0 (k,%)  (3,%)
3(3,2): 1 1 [C+,r1] 5 3 (x,%¥) (0,2) 2
4(4,1): 1 1 [r1,c+] 4 5 (0,1) (x,%x) 1
5(5,0): 2 1 [C-,c-]1 3 4 (*,%) (*,%) 1,2,1

6 Parameters

This section is a bit painful, but the main result is more or less obvious:
Proposition 29 shows how the action of u on (g, Ky)-modules carries over to
parameters.

As in Section 1 we're interested in (g, K)-modules for some K. So fix
a strong involution &, in our given set of representatives, and let 6y = ¢,
Ky = Centg(&). Also let xy = p(&) € X, and we assume

(18) p(zo) = @o.

See Remark 33. Assume u(&) = &. We're interested in how p acts on
(g, Ko)-modules.

Remark 19 At least if p = 7, pu(Ko) = Ky implies we can choose &, sat-
isfying p(§) = &. To see this, recall we can assume & is the fiber of 0,
i.e. & = hd with h € Hy. Conjugating by t € Hy gives ¢t7(t71)hd. Recall
Hy = TyAg where Ty (resp. Ap) is the identity component of Hyr (resp.
Hy™). Also Ay = {tr(t™!) |t € Hy}. Therefore by choosing ¢ we can assume
h € Ty. Then 7(hé) = hd.

See Remark 33.

If we need more general cases I'll have to revisit this.

Recall a (g, Ky)-modules is given by a local system on a Ky-orbit on the
variety of Borel subgroups. Fix a Borel subgroup B. Then

Stabg, (B) = H*U

where U is a connected unipotent group and H is a fp-stable Cartan subgroup
of B. Then a (g, Ko)-module is determined by an (b, H%)-module. Here H%
is the p-cover of H%.



Definition 20 A complete parameter for G is a triple (x,y, \g) where
1. (z,y) € Z
2. Ao € ho=X*(Hy) ®@C
3. (X, ") >0 for all simple roots «,
4. exp(2miNg) = y*.

In (4) we identify Ay with an element of X,(Hy) ® C = bhy. Since y* €
Z(GY) (4) implies A is integral, so the inequality in (3) makes sense.

Alternatively if we fix an infinitesimal character y we can define complete
data to be triples (x,y, x); this is defined to be (x,y, \) where x = x, and A
is dominant. B

Now (z,%, A¢) determines an (b, Hy”)-module as follows. Take (g, ko);
we have to define ky. For this we need the basepoint.

Recall there is a surjection p : X — Zy, where Zy, is the twisted in-
volutions in the Weyl group. That is WI' = W x ' = (W,§), and Zyy =
{wé | (wd)?* =1}.

Suppose wd € Zy,. Let \Il;’n,w be the positive imaginary roots with respect

to 0, g, where p(x) = wd; this is independent of x.

Lemma 21 There is a canonical way to choose, for all wd € Z,,, an element
z[w| satisfying p(x[w]) = wé and \Il;rﬂ,w is large with respect to Oy Hy- In
particular x[1] = exp(mipd).

Here is how S = {z[w] | wd € Zy } is determined. Take z[1] = exp(mwip¥)J.
Consider the large block at p for the quasisplit form of G. Then S is the set of
x € X such that the corresponding standard representation for (the quasisplit
form of) GY occurs in the character formula for the trivial representation.

Note that z[w]? = z, where z, = exp(27ip¥) € Z(G).

Remark 22 The element exp(mip")d is canonical and well defined, although
the software does not tell us which number in the output of kgb it corresponds
to. Making such an assignment amounts to choosing which parameter in the
output of block corresponds to the trivial representation of GV.



We apply this on the dual side. Given y, write p(y) = wd”, and define
ylw] by the Lemma. Now write

(23) y = exp(2min¥)ylw] (v € X.(Hy) ® C).

Recall y defines the automorphism 6, gy (h) = yhy~! of HY, and y[w]
defines the same automorphism of Hy. Denote this by V. Note that y[w]* =

exp(2mip).
Then define

(24) Ko = /\0 — (’Y\/ + 0\/’7\/) S 14 + X*(H())

Let’s check this. Note that y[w]

y? = (exp(2miy”)y[w])?

(25) = exp(2mi(y" + 6Y~"))y[w]®
= exp(2mi(y" + 07" + p))

and setting this equal to exp(2mi)g) gives the assertion. Also (24) immedi-
ately implies

(26) )\0 — 9\/)\0 = Ko — QVK/O

which is condition [5, Proposition 5.8(b)].

By the usual mumbo-jumbo (g, ko) defines an (ho, HS*)-module. See [3]
and [5, Proposition 5.8]. Now this (b, ﬁgm)-module defines a (g, K¢)-module
where £ is any element of X lying over z. We eventually need to conjugate

everything back to get a (g, Kp)-module, but we first state an elementary
result.

Lemma 27 Suppose (z,y, \o) is a complete parameter. Choose & lying over
x, so this determines a (g, K¢)-module (7, V). Let (7", V) be the (g, K )
module obtained in the usual way. Then the parameter for the representation

(V) s (), 1 (y), 1 (No))-

This follows immediately by transport of structure.

Now assume x is conjugate to zo. This is a well defined notion; it is
equivalent to £ is conjugate to & where £ € X lies over x. So choose £ € X
over z and g € G satisfying g&og~! = €. By Lemma 7 z corresponds to the
Ko-orbit of g7 Byg. So let:



B =g 'Byg

H =g 'Hy

A=g " hog b’

k=g ‘kog € p+ X*(H).

(28)

Then (A, &) is a (b, H%)-module, and this defines the (g, K)-module associ-
ated to the data (z,y, Ag).

Proposition 29 Fiz { and K = K¢, as above. Suppose (x,y, \o) is a com-
plete parameter, and x is G-conjugate to xo. Let (7, V') be the (g, Kq)-module
defined by (x,y, \o)-

Assume pu(xog) = xg. Then (n*,V) is given by the complete parameter
(u(), 1 (y), 1 (Ao))-

Proof. This is merely a question of chasing around the definitions, using the
preceding discussion to carry everything back to (g, Ky). This is all pretty
obvious with the possible exception of the k term.

Let 7(x,y, \o) be the (g, Ky) module defined by (z,y, Ag). This is given
by the data

(30)(&) g_l(hOJﬁgl‘O?AO?KO)g‘

Here g~'Hyg = H, and see below for ry.
It is clear that 7(x,y, Ao)* is given by

_ 17762 _ _
(30)(b) (1(g™"bog), (g™ (Ho™)g), 1 (9™ Nog), 1' (g™ Kog)).
On the other hand the representation 7(u(x), u*(y), u*(Mo)) is given by
(30)(c) w™ (o, Hy'™, 4 (ho), .

Here v~ 'Hyu = p(H). Using the fact that u(Hy) = Hy and g~ ' Hog = H we
can take u = p(g). Then (c) is equal to

(30)(A)  (u(g™bos(g), g™V Hy ™ ulg), (g™ )i (M) (g), (g™ " wopa(9)).-

See below for kj,.
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It is immediate that the first three terms are equal to the first three terms
of (b):
1(g~ o) = (g™ )bop(g)
17770 —1\ 770=
(30)(e) (g~ (Hy™)g) = (g™ Hy™ 11(g)
1(g~" Nog) = 19~ ") (o) ()

We have to show

(30)(f) 1(g™ kog) = (g™ ror(g),
(30)(g) (ko) = k).

Now we recall
(30)(h) Ko =X — (v + 0, 5v7")

with y = exp(2mivy")y[w], where p(y) = wd.
On the other hand

(30)(1) Ko = i (ho) — (B + el(y),Hgﬁv)

with pf(y) = exp(2mifY)y[w’], where p(u'(y)) = w'6Y. Clearly w' = p'(w).
This comes down to the following Lemma, restated for G.

Lemma 31 Suppose p(x) = wd, so p(u(x)) = u(w)d. Then

(32) p(z(w]) = zlp(w))].
This follows from Lemma 21, and the fact that p(exp(mip")) = exp(mip")
since j preserves the positive roots. 0

Remark 33 The Proposition actually shows the following. Suppose we're
given a complete parameter (x,y, Ag). Choose £ lying over £, so this defines
a (g, K¢)-module. Suppose p(z) is G-conjugate to x. Then we can conjugate
the (g, K,(e))-module (7#, V') to a (g, K¢) module. These two (g, K¢)-modules
are isomorphic only if p(z) = x (and also u'(y) =y, u*(Ao) = o).

Therefore it makes sense to assume that u(xg) = o for some xy which is
G-conjugate to x.
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7 The Chevalley Automorphism

For use in the next section here are some facts about the Chevalley automor-
phism.

Given GG and a pinning, the Chevalley automorphism is the automorphism
C satisfying C(h) = h™! for h € H, and C(X,) = X_,, for all simple roots
a. Recall the pinning includes the X, for a simple, and X_, is determined
by [Xa, X_o] = V.

Lemma 34 The Chevalley automorphism of G commutes with any distin-
guished automorphism of G.

Now suppose we are given G = (G, §). Recall § acts by a distinguished
automorphism 7.

Definition 35 Eztend C' to an automorphism of G* by C(6) = 4.

It is clear that the automorphism C' of G' preserves X , and since C
preserves H this action descends to X.

It is well known that for g semisimple C'(g) is conjugate to g~
remarkable fact that C(z) = 27! for all z € X.

It is a

Propvosition 36 We have C(z) = x~ ! for all x € X. More precisely for all
£ € X we have C(§) = h&é*h™! for some h € H.

Proof. B
First suppose p(x) = 0. Choose £ = hd € X lying over x. After conju-
gating by H we may assume 7(h) = h, i.e. hd = dh. Then

(37) C(€) = C(hé) = h™16 = (6h) ' = (hd) L = ¢,

The condition C(x) = z~! is equivalent to C(§) = h&'h™1, for any £ lying
over x, and for some h (depending on &). Writing h&h™ = hf,(h=1)E!
we see the condition is equivalent to:

(38) CE)E € Aq
where A, is the identity component of {h € H |6,.(h) = h™'}.

We proceed by induction, using Cayley transforms in imaginary roots and
Cayley transforms.
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Recall the Tits group W is a subset of G , equipped with a map to the Weyl
group W. Tt has generators o, for a simple, satisfying the braid relations,
and 02 = m, = o¥ € H. Every element w of W has a canonical lift @ to W.
It is immediate from the definition of the Tits group that if « is simple then

(39) Cloy) =0,".

Assume C(€)€ € A, so
(40) C&) =he™ (h=10,(t7) € A,).

Suppose « is an z-imaginary root. Then o, € X, and (0,£)? = &2, which
implies

(41) 0a80a = ¢&.
Then
C(0a8)0aé = 0, (R 1)oak
(42) =0, (o, ¢ o ol (by (41))
=0, hal.

Now o, and h commute since h € A, and « is z-imaginary. Therefore this
equals myh, which is contained in A;_,. To be explicit, it equals

(43) (ut)f,, . (ut)

where uf,,_,(u™1) = mg, which is possible since m, € As_q.
Now suppose « is any root and consider 0,¢0,'. The image x’ of this
element in X can be denoted s, X z.

I claim
(44) C’(aafaojl)aafaa_l = u@sam(u_l)

where u = o,to, 'm,.
You don’t really want to check this, do you? Let’s see, write ¢ = 0, and

m=m, = 02:

C(océo Noto™" =

“1C(&)ooto?
“lC(Qmeo™!

— o C(OE(E e

e U S (I

13
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On the other hand

J&I_l)(Jta_lm)_l(afa_l)_l
= (oto 'm)(céo ) (mot o N (e o)
= ot(o " 'mo)é(o ' mo)t o o)E o
= otmémt ¢ o™!

L

— o(ter ) m) (Eme )0~

= oftst™ ¢ (mgme ™o

= oftst ¢ (EmE mo

Comparing these we need to show

(47) ot e (€T ImE) o™ = o[t (€ I mE)ma ™!

Multiply on the left by o=! and the right by o to give

(48) mlt&t~H T (7 mE) = o[t (€ mE)m
which is true since the terms in the middle are in H. O

We are also given G¥I' = (GVY,4Y). Here 6" acts by 7. We recall the
definition of 7V: the automorphism —7* of the (non-based) root datum of G
is defined. This induces an automorphism of the based root datum of GV,
and (via a chosen pinning) the automorphism 7" of GV.

The automorphism 7¢ of the based root datum for G also defines an
automorphism denoted 7t of GV. Here is how 7V and 7! are related.

uby, o (u™t) = (oto™tm)

— —~

Lemma 49 Let C be the Chevally automorphism of GV and let wo be the lift
of the long element of the Weyl group to W for GV. Then

(50) 7'(g) = WoC(7'(g))ty -

It is worth mentioning that w2 = exp(2mip) (a proof of this was supplied
by John Stembridge and (independently) Marc van Leeuwen).
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8 Case of the Hermitian Dual

Fix Gt = (G, §), where § acts by 7, and fix K in this inner class.
Proposition 51 Suppose (7, V) is an irreducible (g, K)-module with real
infinitesimal character. Then (7", V") is isomorphic to (77, V).

Sketch of Proof. Let 6, be the global character of 7. It is well known
that if 7* is the contragredient then

(52)(a) 07(9) = 0x(97).

There is also a bar-operation on representations satisfying

(52)(b) 0=(g9) = 0=(9).

There is a basic result that 7" ~ 7* [reference?] so

(52)(c) O (9) = 0x(g71).

Let’s assume that G is acceptable, i.e. p factors to H. Let A be the in-
finitesimal character of 7. By results of Harish-Chandra and the Casselman-
Osborn conjecture, for any real Cartan subgroup H(R) we can write

> axx(9)
D(g)

Here ¢ is contained in a certain subset of the regular elements of H(R). The
sum is over characters y satisfying dy is conjugate to A, and the a, are
integers. Finally D(g) is a version of the Weyl denominator. See [1, Section
4].

If X is real then dy is real for all y occuring in this formula. That is,
if we write the real Lie algebra of H(R) as ty + ag, then dy € ity + ao
for all xy occuring in the sum. Therefore for any such y, writing ¢ = ta,
x(ta) = x(t)x(a) with |x(t)] =1 and x(a) € R. Then

(52)(d) 0x(9) =

x(g7) = x(t"H)x(a™?)
(52)(e) =) X(a)?




A similar result holds for D(g): D(g~!) = D(ta™!).

Now we claim that for g = ta € H(R), 7(g) is G(R)-conjugate to ta™'.
This requires some thought, since it involves G(R), not G(C), but let’s assume
it for now. Then

(52)(f) 0.1(q) = 0.(g 1) = %

and

52)e) brr(g) = g =)

O

Remark 53 If G is not acceptable there is the usual issue with p-covers,
but nothing essentially different.

By Proposition 29 we conclude:

Corollary 54 Define GV by taking p = 7. Fiz 2y € X, an inverse image
& € X, and corresponding K = Kg,. Assume 7(xg) = xo. Suppose (z,y,\)
is a complete parameter, with corresponding (g, K)-module (w,V). Assume
X is real. Then (7", V) is given by parameter (7(z), 7 (y), 7H()\)).

Remark 55 Note that this doesn’t involve any any computation in Z. We
give a direct atlas-theoretic proof below.

Remark 56 The assumptions that 7(&y) = & and z is G-conjugate to xy =
p(&o) implies that 7(z) is G-conjugate to xo. Therefore (in spite of superficial
appearances) (7(z), 7' (y), 7()\)) also necessarily defines a (g, K)-module.

Here is a sketch of a purely atlas-theoretic proof of Corollary 54. In this
section only we denote our fixed Cartan and Borel by H, B (rather than
Hy, By elsewhere).

Suppose (z,y,A) is a complete parameter for the (g, K)-module (7, V).
We assume \ is real, i.e. A € X*(H) ® R. Let A be the complex conjuate
of A with respect to the real form of H defined by 6,. This differs from the
one defined by X*(H) ® R by —1 on the t-part. See [2]. An important fact
is that for \ real,

(57) X =0'(\).

(the * denotes transpose, and is only there because A € h*, not b).
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be the correspond-

18

Lemma 58 Write p(x) = w,0 € Zy, so w, € W. Let w

\Y%
T
ing element on the dual side. The parameter for (7", V1)

-1 V-1, ~1 v V-1y
(59) (W, Twy, w, Y w,, —w,N).
Here w;'zw, is the cross action of W on X; more precisely this is n,'an,

where n, € G is a representative of w, € W.

Proof. Tt is straightforward that the map of the Weil group is given by the

parameter (x,y~ !, —\). See [2]. This isn’t a complete parameter if —\ is not
dominant. Write = = ¢,0, and p(x) = w,0 € Zy, so p(g,) = w,. Then

(60)(a) 0.(X) = gu7(X)g; ' = wa(r(X)) (X € bo).
and acting on h* we have

(60)(b) 0.(A) = w,/(T"(N) (A € b5).
Therefore by (57)

(60)(c) A =05(0) = wy (7 (V)

and multiplying both sides on the left by wY™! gives

(60)(d) —wY A =7 (N).

Now since 7 is distinguished 7°()) is dominant.
Conjugating = by w; ! and y, —\ by wY™! gives (59). O

Lemma 61 We can also write (59) as

(62) (7(x), wy "y~ w7 (N)).
Proof. The last entry is given by (60). For the first, recall g, maps to w,,
SO

The hard part is:

17



Lemma 64
(65) wy Yy wy =T (y).

Proof.
First of all we claim if p(y) = w, then

(66) w, = w, wy

where wy is the long element of the Weyl group of G¥. To see this note that
for X € h 0,(X) = w,7(X), so for XV in h", 60L(XV) = 6Y7'(X"Y). This is
required to equal 6,(X") = w,/ 7V (X"), i..

(67) wy T (XY) = —w) 7V (XY).

By Lemma 49 7V(XV) = —wy7'(X"), since the Chevalley automorphism
acts by —1 on hY. This gives the claim. N

Now choose an inverse image ¥ = g,/7" of y in &, and let oy € G
be a representative of the long element of the Weyl group. Note that g;/

is a representative of w,. Then by (66) g,/oy is a representative of w,/, so
v—1

wY tyw) is the image of
(68) o0 gy &, 9,00

Writing £¥ = g,/6" gives

(69) o) gy 0Vg, g 00 = oy g, 0 oy

Note that 7V(£7') = 7V(8Vgy ") = g,/ 10", so this equals

(70) oy (6 oy

By Lemma 49 this equals

() oy Y€ Yoy Y = T,

By Proposition 36 C(£, ') = £, modulo conjugation by H", i.e. the image of
C(§, ") in XY is . O

18



Proposition 72 Suppose (w, V') has parameter (x,y, \) and X\ is real. Then
(7", V') has parameter

(73) (7(2), 7 (y), " (N)-
This agrees with Corollary 54.

Remark 74 Strictly speaking parameters are only defined if A is integral,
which (ignoring split tori in the center) implies \ is real. Presumably once
we've extended the atlas construction to general infinitesimal character this
result will hold.

9 Automorphism of the Weil group

This section isn’t really needed, but it has some philosophical appeal.
There are two interesting automorphisms of the Weil group. It is worth-
while to compute the effect of these automorphisms on L-packets.
Recall Wg = (C*, j) where jzj~! =7 and j? = —1.

Definition 75 Define automorphism «, 3 of Wr as follows. Let o(j) =
B(j) =j. For z € C* define a(z) = 27! and f(z) =z

For ¢ : Wg — GY! let I denote the corresponding L-packet of a real
form of G.

Lemma 76 Suppose ¢ : Wr — GV is an L-homomorphism. Let ¢, be the
L-homomorphism ¢o(w) = ¢p(a(w)), and define ¢g similarly.
(]) H¢>a :Hz = {7T*|7T €H¢}.

(2) Assume I, has real infinitesimal character. Then
(77) Iy, =1, = {z" | 7 € I}.
Sketch of Proof. Suppose ¢ is given by parameter (y, A). Then

d)a = (y717 _)‘>

(78)(2) 05 < (5" —6,(\)
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It is straightforward to see that ¢, corresponds to the contragredient. For
the second part we need (57), which says that for A real, —\ = 6*()), so

(78)(b) 0,(\) = X.

More details later. ..

10 Stabilizer in the Extended Group

As in Section 6 fix & and let 8y = 0, Ko = K¢,. Let 20 = p(&) and we
assume (1(zg) = o (see Remark 33). As in Section 1 we're interested in
(9, K})-modules where K = Centgi(&). So for &€ € X let

(79) K{ = Centg: (€).

We start with an element x € X which is G-conjugate to zq = p(&),
which determines a Ky-orbit on G/B. Recall (Lemma 7) if € lies over z, and
& = g&og~!, then this is the Ky-orbit of B = g7 'Byg. We need to compute
Stang (B)

If u(z) # x then Stang(B) = Stabg,(B), so assume pu(z) = z. By
Proposition 29 this is necessary for this orbit to support a representation
fixed by pu.

Since p(xg) = xo we know (&) = t&t~! for some t € Hy. So here is the
situation:

(80)(a) 1(€o) = tét™" (t € Ho)
(80)(b) plz) =z
(80)(c) £ = glog™!
(80)(d) B =g 'Byg
By (b) we have
(80)(e) w(€) =h7'¢h (some h € Hy).

By (c) and (e) u(géog™") = h™'(960g~")h, and by (a) this implies
(80)(f) g thu(g)t € Ko.
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Now
_ -1
Stang (B) = Stang (97" Bog)

Recall K = Stabet (&), so gKjg! = Stabg: () = Kg (cf. (79)). There-
fore

(82) Stab,i(B) = g_l(Stang(Bo))g.

(81)

Lemma 83 With h € Hy as in (80)(e) we have:
(84) Stab;(Bo) = (HE* , he).
Remark 85 Note that the second term is contained in Hye.

Proof. The first term is the usual. For the second,
(he)Bo(he)™ = hu(By)h™!
(86) = hByh™' (since yu is distinguished)
= By (since h € Hy C By).

Also
(he)é(he)™t = hu(&)h™
(87) = h(h™'€R)A™"  (by (80)(e))
=<
so he € KT. O
Lemma 88
(89) Stabys (B) = (H%0, g hu(g)e).

This is immediate from the previous Lemma, since g~ (he)g = g~ hu(g)e.
Note that g~ thu(g)e € Kg (this is obvious, but’s let’s double-check just to
make sure):

(97" hu(g)e)éo(g ™ hu(g)e) ™ = g~ hu(g) (&) (g~ hulg)) ™
(90) =g "hu(g)téot " (g7 huu(g)) ™
= (97 hu(9)t)éo(g " hu(g)t) ™ = &

where the last equality is by (80)(f). Also note that g 'hu(g)e = (¢~ *hg)(g 'eg) €
H(g 'eg), but this is not necessarily in He.
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11 Parameters for (g, K')-modules

As in Section 6 fix &y and let 6y = 0, Ko = K¢,. Assume p(&) = &.
As in the previous section fix € X with p(z) = x. Choose ¢ lying over
. As in Lemma 83 we have

(91) Stab,;(Bo) = (Hf" | he)

where h € Hy satisfies u(€) = h™1¢h (cf. (80)(e)).

Suppose (Ao, ko) is an (o, H*)-module. Recall (Section 6) ko € p +
X*(Hp). Note that p acts on (b, Ho*) (for the cover this uses that s is
distinguished) and (Ao, o)* = (' (o), itf (ko).

This is as far as I've gotten for now. ..

Never mind the cover, an (b, (HS*, he))-module (which restricts irreducibly)
is an (b, HS®)-module (Ao, K¢), together with a complex number z satisfying

(92) 2% = ko(hu(h)).

We need to figure out nice parameters for this. We then need to incorpo-
rate the p-cover of H. Finally (recall Stang (B) = (H%o g7 hu(g)e)) we'll

conjugate to get an (b, (H%o, g~ hu(g)e))-module (some cover of this).
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